In this study, we present a steady 3-D magnetohydrodynamic flow and heat transfer characteristics of a viscous
Introduction
The boundary layer flows and heat transfer of Newtonian fluids over a continuously stretching surface have many important applications in several engineering and industrial processes. Examples include the extrusion of a polymer sheets from a die or in the drawing of plastic films, the boundary layer along a liquid film condensation process, the cooling process of metallic plate in a cooling bath, cooling of continuous strips, aerodynamic extrusion of plastic sheets, crystal growing, and many others. After the pioneering work of Sakiadis [1, 2] the boundary layer flow induced by a stretching sheet has been studied by many researchers [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and for Newtonian fluids under various aspects of the flow phenomenon. All the above mentioned studies were limited to 2-D boundary layer problems for linear stretching surface in one direction. Wang [14] discussed 3-D flow of a viscous fluid due to the stretching of the elastic surface in two lateral directions. He applied the direct numerical integration to the resulting boundary value problem. Laha et al. [15] studied the heat transfer analysis of the 3-D flow of a viscous fluid caused by a stretching sheet with uniform tension in two horizontal directions by considering a constant temperature and uniform heat flux. Recently, Ariel [16] presented the generalized 3-D flow due to a stretching sheet and demonstrated that the resulting problem admits a solution in term of series of exponentially decaying functions. Recently, Liu et al. [17] investigated the heat transfer characteristics over a bidirectional stretching sheet with variable thermal conditions in the presence of a temperature-dependent internal heat source (or sink). Very recently, Abdullah [18] discussed the analytical solution of heat and mass transfer for 3-D flow over a permeable stretching surface by considering the effects of chemical reaction, internal heat, Dufour-Soret and Hall current.
In all previous work done by the researchers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , they did not consider the effects of applied magnetic filed over a bidirectional stretching surface in a porous medium. Therefore, the main purpose of the present paper is to extend the problem of Liu et al. [17] in three directions namely (1) to consider the effects of an applied magnetic filed under the low magnetic Reynolds number approximation (2) to analyze the flow in a porous medium, and (3) to provide an analytic solution to the non-linear problem using homotopy analysis method (HAM). The analytic series solution is developed using HAM [19, 20] . This technique has already been successfully applied to various problems [21] [22] [23] [24] [25] [26] [27] [28] . To the best of our knowledge, no such analytical solution has previously been reported for magnetohydrodinamics (MHD) flow of a viscous fluid over a bidirectional stretching surface in a porous medium.
Basic equations
Consider the steady 3-D boundary layer flow of an incompressible hydromagnetic viscous fluid in a porous medium due to a stretching surface in a plane at z = 0. The surface is stretched uniformly in both horizontal directions with velocity components ax and by in xand y-directions, respectively. A uniform magnetic field 0 B is applied parallel to z-direction.
The effects of the induced magnetic field is neglected, which is a valid assumption on a laboratory scale under the assumption of low magnetic Reynolds number. It is also assumed that the external electric field is zero. Under the usual boundary layer approximations the MHD flow of a viscous fluid is governed by equations: 
where u, n, and w are the velocity components in the x-, y-and z-directions, respectively, r is the fluid density, n -the kinematic viscosity, s -the electrical conductivity of the fluid, f 1 -the porosity, k -the permeability of the porous medium, T -the temperature, c p -the specific heat capacity at constant pressure of the fluid, k 1 -the thermal diffusivity of the fluid, and the last term in eq. (4) represents a temperature-dependent heat source (q > 0) or sink (q < 0). In eqs. (2) and (3) the pressure gradient is neglected because it is assumed that flow is caused only by the stretching of the sheet. This assumption is also consistent with the conditions at the free stream. Furthermore, the Darcy's law has been employed for obtaining the governing equations in a porous medium.
The appropriate boundary conditions of the problem are given by:
where a > 0 and b > 0 are constant stretching rates with dimension [s -1 ] in x-and y-directions, respectively.
For temperature we have two sets of boundary conditions: 
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and a = b/a is the stretching ratio. Here e = f 1 /rak is the dimensionless porosity parameter,
B /ar -the magnetic parameter, Pr = n/k 1 -the Prandtl number, and b = q/rac p -the internal heat parameter. The physical quantities of interest are the skin friction coefficients along the x-and y-directions, C fx and C fy , which are defined as:
where t wx and t wy are the wall shear stress along the x-and y-directions, respectively. In dimensionless form we get:
where Re x = u w x/n is the local Reynolds number.
Homotopy analysis solution
For the analytical solution, eqs. (13) wy wx fx fy 22 ww , CC uu (9)- (12), the non-linear operators N f , N g , N q , and N f , are defined by the following expressions: (22) 0 ( ) exp( ) (23) 0 ( ) exp( ) 
is the embedding parameter and  f ,  g ,  q , and  f are the non-zero auxiliary parameters, respectively, the zeroth-order deformation problems are:
Note that for p = 0 and p = 1, the zeroth-order deformation eqs. (33)-(36) have the following solutions:
and f 0 (h) to the solutions f(h), g(h), q(h), and f(h) of the original eqs. (9)-(12).
Due to Taylor's theorem and above expressions, the power series are: Obviously eqs. (33)-(36) contain four non-zero auxiliary parameters  f ,  g ,  q , and  f . Assuming that  f ,  g ,  q , and  f are chosen in such a way that the series in eqs. (43) and (46) Now it is easy to solve the system of linear non-homogeneous eqs. (51)-(54) by using Mathematica one after the other in the order m = 1, 2, 3…
Convergence of the HAM solutions
As pointed out by Liu et al. [17] that the solutions series given by the eqs. (47)- (50) contains the auxiliary parameters  f ,  g ,  q , and  f . The convergence and rate of approximation of the homotopy analysis solutions strongly depend upon  f ,  g ,  q , and  f . For the convergence of these solutions, one can choose the proper values of  f ,  g ,  q , and  f by plotting the so-called -curves. Therefore, the -curves of f″ (0), g″ (0), q (0), and f (0) are shown for 15 th order of approximation in fig. 1 . For simplicity we put  f =  g =  q =  f = , and thus from fig. 1 we see that the range for the admissible values of for f″ (0) g″(0), q¢ (0), and f″ (0) is -0.85 ≤  ≤ -0.3. Our analysis indicates that the solutions (47)-(50) converge in the whole region of h, when  = --0.6. 
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Results and discussion
We have obtained the velocity and temperature profiles f , g , and in the form of series given in eqs. (47)-(50). In order to see the influence of the salient features of the involved parameters on the velocity and temperature profiles, we plot figs. (2-9). Figure 2 shows the effects of porosity parameter on the velocity components f ¢ and g¢ when a = 0.5 and M = 0.5. It is noted that both the velocity components f ¢ and g ¢ are decreased by increasing the values of the porosity parameter e. The boundary layer thickness also decreases for large values of e. Figure 3 gives the variation of the velocity f ¢and g ¢for different values of the magnetic parameter M by keeping a = 0.5 and e = 0.5 fixed. It can be seen from this figure that the influence of the magnetic field causes to reduce the boundary layer thickness. As expected, the magnetic force is a resistance to the flow, hence reduces the velocity magnitude of f ¢and g ¢, respectively. The dimensionless velocity components f ¢and g ¢ presented in fig. 4 give the influences of the stretching ratio a. It is observed from fig. 4(a) that the velocity f ¢decreases with increasing values of the stretching ratio a, while the velocity g ¢increases by increasing the values of a as in fig. 4(b) . Figure 5 shows the effects of the magnetic parameter M on the dimensionless temperature profiles q and f by keeping a = 0.5 and e = 0.5 fixed. The temperature profiles increase with increasing the values of the magnetic parameter M in both the cases of the PST and PHF, respectively. It is also noted that this increment is slightly larger in case of PHF. Figure 6 elucidates the influences of the stretching ratio a on the temperature profiles q and f for the case of (r = s = 1) and Pr = 1 with e = 0.5 and M = 0.5. It is observed that the temperature profile decreases with increasing values of the stretching ratio a in both the cases of the PST and PHF. It is also observed that the thermal boundary layer is decreased for large values of the stretching ratio a. It is further noted that these results are in qualitatively similar with the temperature profiles shown by Liu et al. [17] in the presence of the magnetic field and porous medium. Figure 7 shows the effects of the power indices r on the temperatures q and f in case of s = 0 with M = 0.5 and e = 0.5 keeping fixed. It is noted that as we increase the values of r both the temperature profiles and the thermal boundary layer thickness are decreased. From fig. 7 , it can also be seen that the temperature rises above the sheet temperature for r = -3 and r = -2 and than decreases as the distance in the x-direction from the origin increases and the heat flux is therefore directed from the fluid to the sheet, rather than in the common direction from the sheet to the fluid as for r > -1 as mentioned in Liu et al. [17] in the presence of the magnetic field and porous medium, but the change in temperature is smaller in case of M = e  0. Figure 8 gives the influences of the power indices s on the temperature when the sheet temperature is uniform in the x-direction (r = 0) with M = 0.5, and e = 0.5 keeping fixed. The temperature and the thermal boundary layer thickness are decreased as we increase the values of s from s = -3 to s = 3. Figure 9 . shows the effects of the heat source/sink parameter b on the temperatures q and f with Pr = 1, r = s = 1, M = 0.5, a = 0.5, and e = 0.5. As expected, the temperature increases with increasing heat source b > 0 and decreases in the case of heat sink b < 0 in both cases of PST and PHF. Table 1 shows the numerical values of f″(0), g″(0), f(), and g(), for hydrodynamical problem in absence of magnetic field M = 1 and porous medium e = 0. It is noted that the magnitudes of the shear stresses at the wall f″(0) and g″(0), in the x-and y-directions are increased by increasing the values of the stretching ratio a. It is further noted that the present results of HAM are compared with the data given by Wang [14] and Liu et al. [17] and found in excellent agreement. Table 1 . Numerical values of f″ (0), g″(0), f(), and g() when e = 0 and M = 0
Wang [ Table 2 is made to give the numerical values of f″(0), g″(0), f(), and g() and in the presence of the magnetic field M ¹ 0 and porous medium e ¹ 0. It is observed that the magnitudes of the shear stresses at the wall f″(0) and g (0) are larger in case of (M ¹ 0 and e ¹ ¹ 0) as compared to the case M = e = 0. Table 3 shows the values of the temperature gradient at the surface q¢(0) for different values of r and s with b = 0 and Pr = 1 in case of M = e = 0. It is found that the temperature gradient at the surface q¢(0) becomes positive and decreases for r = -2 and s = 0 and negative for r = 0 and s =-2. It is also noted that the present results obtained by HAM has a good agreement with the numerical results given by Liu et al. [17] . Table 4 gives the values of the temperature gradient at the surface q¢(0) for different values of r and s with b = 0 and Pr = 1 in the presence of the magnetic field M = 5 and porosity parameter e = 0.2. It is observed that the temperature gradient at the surface q¢(0) has the same behavior in case of M = 0.5 and e = 0.2, but its magnitude is smaller in this case when compared with the case of M = e = 0. Table 5 gives the numerical values of the temperature gradient 
Conclusions
The MHD 3-D flow and heat transfer characteristics of a viscous fluid due to a bidirectional stretching sheet through a porous medium is investigated in this paper. For the heat transfer analysis the heating processes of (1) the PST and (2) PHF are taken into account. The influence of the various parameters of interest are analyzed through the similarity solution of the governing equations. The main findings of the present study are:
boundary layer thickness is a decreasing function of porosity parameter and the Hartman number, thermal boundary layer increases by increasing the values of porosity parameter and applied magnetic field, both temperature and thermal boundary layer thickness are decreased when the Prandtl number increases, and the heat flux through the wall decreases by an increase in the internal heat parameter b. 
